AGA Ur

Manifold learning

What is a Manifold? (The Core Idea)

Think of it this way:

e Astraightline is a I-dimensional manifold. If you're walking along a line, you only have one direction to go (forward/backward).
e The surface of a sphere (like Earth's surface) is a 2-dimensional manifold. Even though the Earth exists in 3D space, if you're on its
surface, you only need two coordinates (like latitude and longitude) to define your position. You can move forward/backward and

left/right on the surface, but you can't go "up” or "down" relative to the surface itself without leaving it.

So, a manifold is a low-dimensional shape or surface that is embedded within a higher-dimensional space. Locally, it looks flat (like a

line looks flat if you zoom in, or a small patch of Earth looks flat), but globally, it can be curved or twisted.
Why is this important for Data? (The "Data Manifold Hypothesis")

Most real-world data isn't just randomly scattered. It tends to have underlying patterns and structures. For example:

o Images of faces: A face image might have hundreds or thousands of pixels (dimensions). But valid "face" images don't fill up that
entire high-dimensional space. They occupy a small, specific region. The variations between faces (e.g., age, expression, lighting) are
limited, and these variations define a low-dimensional "face manifold" within the high-dimensional image space. You can't just
randomly change pixels and get a new valid face; you have to follow the rules of what makes a face.

e Handwritten Digits (like MNIST): As mentioned, a 28x28 pixel image is 784 dimensions. But a "digit 7" isn't just any random
combination of 784 pixels. It has a specific shape, thickness, slant. All possible "7"s form a much smaller, curved "7-manifold" within

that 784-dimensional space.

The "Data Manifold Hypothesis" is the idea that real-world data, despite appearing in high-dimensional spaces, actually lies on or very

close to such a low-dimensional manifold.
How do Autoencoders "Learn" Manifolds?

This is where autoencoders come in. Autoencoders are neural networks designed to learn efficient representations of data. They have two

main parts:

1. Encoder: Takes a high-dimensional input (x) and compresses it into a lower-dimensional latent representation (h). This latent space
is where we hope to find the manifold.
2. Decoder: Takes the latent representation (h) and tries to reconstruct the original high-dimensional input (x*).

The core idea is that an autoencoder, by forcing the data through a bottleneck (the latent space) and then demanding accurate
reconstruction, is implicitly trying to learn the most essential features of the data. If the data truly lies on a manifold, the autoencoder will
learn to map points from the manifold to a compact representation in the latent space, and then map them back onto the manifold during

reconstruction.
Here's the intuitive flow:

e Compression: The encoder learns to "project” the high-dimensional data points onto this lower-dimensional manifold in the latent
space. It discards the "noise" or "unimportant" variations and keeps only the variations that define the manifold structure.

* Reconstruction: The decoder then learns to "unproject” these latent representations back into the original high-dimensional space,
but critically, it projects them back onto the manifold. It tries to reconstruct the data as if it were a point on that learned surface.
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Think of it like this, using the provided Figure 14.7:

The blue dashed line is the "identity function,” meaning if the autoencoder simply copied the input to the output, the reconstruction (r(x))

would equal the input (x). But a good autoencoder doesn't just copy. It learns to capture the underlying structure.

The green line represents the "optimal reconstruction function." Notice how it's not a perfect copy. Instead, it creates "steps.' These steps

represent the autoencoder "pulling" any input x towards the nearest "manifold" point.

e If you perturb an input xo slightly (move it away from the "manifold" point), the autoencoder will try to reconstruct it back to the
"manifold" point (indicated by the horizontal arrows pointing back to x0,x1,x2).
» The "manifold" points (x0,x1,x2 in the diagram) are where the optimal reconstruction function crosses the identity function. This

means these are the points where the autoencoder produces the exact input as output, because they are already on the manifold.

This behavior, where the autoencoder is invariant to small perturbations near data points and pulls inputs back to specific points, means

it's learning the stable, fundamental structures that define the manifold.

The Role of Tangent Planes (Figure 14.9)

The concept of "tangent planes" is a more advanced mathematical detail, but intuitively:

» Imagine a small patch on the surface of our Earth sphere. Locally, it looks flat. We can define a "tangent plane" at any point on the
sphere. This plane represents the directions you can move on the surface at that exact point.

¢ Inmanifold learning, these "tangent planes" represent the local directions of variation along the manifold. For a face manifold, a tangent
plane at a specific face might describe how the pixels change if the person smiles slightly or tilts their head.

o If we can learn these local "flat" patches (like the ovals in Figure 14.9) and how they fit together, we can map out the entire manifold.
Autoencoders, especially more advanced ones, implicitly learn these local variations. They learn that certain directions of change in

the input data are "meaningful” (stay on the manifold), while others are "noise" (off the manifold).

In essence:

Autoencoders are powerful tools for unsupervised manifold learning because they:

1. Compress data: They force the model to find a lower-dimensional representation (h).



2. Reconstruct faithfully: They penalize poor reconstruction, ensuring that the learned representation captures the essential

information needed to recreate the original data.
3. Learn robustness: By doing so, they learn a reconstruction function that maps nearby points in the high-dimensional space back to

the same (or very similar) points on the intrinsic manifold, effectively "cleaning" noisy data by snapping it to the manifold.

This ability to discover and model these hidden, low-dimensional structures is why autoencoders are so valuable for tasks like

dimensionality reduction, data denoising, and understanding the intrinsic variations within complex datasets.



